We consider the Volterra-Lotka equations for two competing species in which the right-hand sides are periodic in time. Using topological degree, we show that conditions recently given by K. Gopalsamy, which imply the existence of a periodic solution with positive components, also imply the uniqueness and asymptotic stability of the solution. We also give optimal upper and lower bounds for the components of the solution.
Introduction
The topological degree of a mapping has long been known to be a useful tool for establishing the existence of fixed points of nonlinear mappings. The main purpose of this paper is to show how the most basic properties of degree can be used to establish the uniqueness, in a certain region, of the fixed point of a mapping connected with a problem from mathematical biology.
Our main motivation comes from two recent papers of Gopalsamy [8] , [9] . We consider the system of differential equations u
'(t) = u(t)[a(t)-b(t)u-c(t)v] v'(t) = v(t)[d(t)-e(t)u-f(t)v] { • }
where the functions a(t),..., f(t) are continuous, positive functions of the time / e (-00, oo) and are assumed to be periodic with common period T > 0. This system models the competition between two species in a r-periodic environment ( [6] , [8] , [12] ). We are interested in the existence of r-periodic solutions col(«(r), v(t)) with both components positive. (Here col(£, 7j) denotes the column vector with components £ and 7j). In case a(t),...,f(t) are positive constants a,...,/, it has long been known that a necessary and sufficient condition that there exist an equilibrium point col (« 0 [13] ).
In [8] , K. Gopalsamy gave a partial extension of this result to the nonautonomous periodic case. To state Gopalsamy's result, we introduce the following notations: If g is a continuous T-periodic function defined on (-oo, oo), we set g M = max g(t), g L = ming(/).
i i
In [8] , it was assumed that the growth rates a(t) and d{t) were continuous, positive and T-periodic and that b(t), c(t), e{t), and f(t) were positive constants b, c, e, and / respectively. Using results due to Krasnoselskii concerning monotone operators which are strictly positive and concave with respect to cones, it was shown that the conditions Recently in [9] , Gopalsamy considered the system
ii;(O = « l (ok(O-L
for / = 1 , . . . , n where the functions a,, c tj {i, j = 1,...,«) are continuous, positive, and T-periodic. In [9] it was shown that the conditions n a,L> L c, jM a jM /c JjL (1.3) for / = 1,..., n imply the existence of a T-periodic solution col(M 10 (r)> -• •, " n o(O) of (1.2) all of whose components are positive. In [9] it was also shown that if the inequalities (1.3) hold and if, in addition, n a jjL> L a ijU , 1 < y < « , ( (t) ) is any T-periodic solution of (1.1) with both components positive, then the characteristic multipliers a x and a 2 associated with this periodic solution satisfy 0 < oij < 1 and 0 < a 2 < 1. This implies that such a solution is locally asymptotically exponentially stable, and that the Jacobian of / -F at the fixed point of F corresponding to this solution is (1 -a x )(l -a 2 ). Since this implies that the local index of / -F at a fixed point of F in the rectangle described above is equal to 1, by a basic result of degree theory, there is a unique fixed pont of F in the rectangle. Finally, the uniqueness of the fixed point in the rectangle is shown to imply that the corresponding 7-periodic solution attracts all solutions having both components positive at the same time.
In [12] de Mottoni and Schiaffino considered the system (1.1) where the functions a(t),..., f(t) were assumed to be continuous and T-periodic but only b(t), c(t), e{t) and f(t) were assumed to be positive for all t. It was assumed that the averages of a(t) and d{t) were positive. It was shown by de Mottoni and Schiaffino that there exist unique positive T-periodic functions p(t) and q{t) such that
p'(t) + a(t)p(t) = b(t), q'(t) + d(t)q(t)=f(t).
(1.7)
If one sets x(t) = p(t)u(t) y(t) = q(t)v(t)
where col (u(f), «(0) is a solution of (1.1) then
x'(t) = x(t)G(t)[l-x(t)-g(t)y(t)}, y'(t)=y(t)H(t)[l-y(t)-h(t)x(t)},
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where
. ,
Jh { t ) -J U U (110)
Studying the system (1.8), de Mottoni and Schiaffino used a theorem proved in [12] to show that if g(t) < 1 and h(t) < 1, then there is a unique T-periodic stable solution of (1.8), with both components positive, which attracts all solutions which start in the open first quadrant.
To show that the theorem of de Mottoni and Schiaffino does not include the one stated above, we consider the following example of (1.1):
so conditions (1.5) are satisfied. The unique, positive, T-periodic functions p{t) and q(t) such that
Therefore, if g(t) = p(t)c(t)/q(t)b(t),
then g(ir/2)= 9/8 > 1 so the conditions of de Mottoni and Schiaffino fail.
Through elementary means, we show that if conditions (1.5) hold, then the unique r-periodic col(w 0 (0, i>o(0) of (1.1) with u o (t) > 0 and v o (t) > 0 for all t satisfies Using different methods, he has shown that if conditions (1.5) hold, where g L and g M denote infg(/) and supg(f) respectively for t > / 0 , then (1.5) has a solution col(« 0 (0, ^o(O) whose components have the same upper and lower bounds given above for t 0 < t < oo.
In the final section we show our main result concerning the system (1.1) can be used to improve a result due to C. Cosner and the second author in [4] , which deals with a model which allows spatial dependence and diffusion.
Comparison theorems
Let us assume that the functions a(t),..., f(t) appearing in (1.1) are continuous, positive, and
then both col(u(r), 0) and col(0, v(t)) are solutions of the system (1.1). From the uniqueness theorem, it follows that the closed first quadrant in the (u, v) plane is invariant with respect to the system (1.
1), in the sense that if co\(u(t), v(t)) is a solution with u o (t) > 0 for some t 0 , then u(t) > 0 and v(t) > 0 on the domain of co\(u(t), v(t)).
The same argument shows that the open first quadrant is also invariant. use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0334270000005300 [ 6 ] Periodic competing species problem 207
This contradiction shows that case (a) is impossible and a similar argument proves the same for case (b). By previous remarks, the lemma is proved. Given a continuous T-periodic function g(t) defined on (-00, 00) we let g M denote the maximum value of g(t) and g L denote the minimum value of g(t). In addition to assuming that the functions a(t),..., f(t) are continuous, positive, and r-periodic we shall assume in the following that
In the following k x and k 2 will denote numbers such that
Let S > 0 be chosen so 8 < k x , S < k 2 , and 
v+(t)) and co\(u^(t),v*(t)) denote the solutions of (1.1) which satisfy the initial conditions
so (a) is impossible. Therefore, both inequalities in (2.11) hold for all / > 0. By T-periodicity of a{t),..., f(t) we see that
is a solution of (1.1). By (2.11), w*(0) > u*(T) = wf(0) and u,(0) < v*(T) = t) 1# (0). Therefore, by Lemma 2.
1, we see that u*(t) > M*(/) = u*(t + T), o*(t)< «"(*) = «*(r+ T),
for all t > 0. Together with (2.11), this proves (2.7) and (2.8).
The proofs of (2.9) and (2.10) which make use of (2.4) are entirely similar and therefore omitted.
Given (r, s) e R 2 we let co\(u(t,r,s), v(t,r,s)) denote the solution of (
By the uniqueness theorem of differential equations and the r-periodicity of the system (1. PROOF. Let col(«*(/), U*(0) a n d col(«*(0» w *(0) be the solutions of (1.1) defined in Lemma 2.2. If 
1) in t, u(t + T, r,s) = u(t, r, s), v(t + T, r, s) = v (t, r, s) if and only u(T, r,s) = r, u(T, r,s) = s. For this reason we study the mapping F:
R 2 -» R 2 defined by F(r,s) = (r-u(T,r,s),s - o(T,r,s)).K,(0) = 8 < r < k x = ii*(0), u*(0) = 8 < s < k 2 = u*(0),8 = ii,(0) < « , ( r ) < u(T, r,s) < u*{T) < «*(0) = k x and 5 = v*(0) < v*(T) < v{T, r,s) < v*(T) < v*(0) = k 2 .
The local index
The purpose of this section is to prove o^Xl -a 2 ) . We shall prove that 0 < a l < 1 and 0 < a 2 < 1 and from this the lemma will follow. If ,4(0 =
-^•(t,u(t,r o ,s o ),v(t,r o ,s o )) -^-(t,u(t,r o ,s o ),v(t,r o ,s o )) -^-(t,u(t,r o ,s Q ),v(t,r 0 ,s 0 )) -j^(t,u{t, r o ,s o ),v(t, r o ,s o ))
and / is the identity matrix.
If for brevity, we set u{t, r 0 ,
a(t)-2b(t)u o (t)-c(t)v o (t) -c(0«o(0] -e(t)v o (t) d(t)-e(t)u 0 (t)-2f(t)v 0 (t)\'
Since 
(t + T)= u o (t) and v o (t + T) = v o (t).
Letx(r) = CO1(JC!(0, ^2(0) be a solution of the vector system x'(0 = A(t)x(t).
we see that
-
e(t)o o (t) Xl (t) -f(t)v o (t)x 2 (t).
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0334270000005300
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Rewriting these equations in the form
= -b{t)u o (t) Xl (t)/u o (t) -c(t)v Q (t)x 2 (t)/v 0 (t), [x' 2 (t)v o (t)-v' o (t)x 2 (t)]/v o (t) 2
= -e(r)"o(0*i(')/"o(0 -/('K(O*2(OAo(')>
it follows that if y(t) = co\( Xl (t)/u 0 (t),x 2 (t)/v 0 (t)), then / ( / ) = B(t)y(t),
\-b(t)u o (t) -c(')vo(t)] [) [-e(')uoO) -f(t)v o (t)\'

Since each column of the matrix X(t) is a solution of the vector differential equation x'(t) = A(t)x(t), we see that if and y*(?) = P(t)X(t), then Y\(t) = 3(t)Y*(t). Setting 7 ( 0 = ^( /^( O ) -1 we see that Y\t) = B(t)Y(t) and y(0) = P^X^PiO))-
= I. Moreover, since P(T) = P(0), Y(T) = P(T)X(T)P{T)-\
Since similar matrices have the same eigenvalues, it follows that the eigenvalues of Y(T) are also equal to a^ and a 2 
. If Z(t) = RY(t)R, where then Z'(0 = C(0Z(0, ^(0) = /, where e(t)u o (t) -f(t)v o (t)\
To complete the proof of the Lemma we use the following result whose proof we take from [15] : SUB LEMMA: The elements ofZ(t) are strictly positive on the interval 0 < t < T.
PROOF. Since the off-diagonal elements of C(t) are strictly positive we may choose a constant y > 0 so large that C(t) + yl has strictly positive elements for
t e [0, T]. If Z,(/) = e y'Z(t), then Z',(t) = [C(t) + yI]Z,(t), Z,(0) = /, so
Z,(t) = I + f'[C(s) + yl]Z,(s)ds.
(3.3)
•'o Since Z*(f) is equal to the uniform limit on (0, T] of the sequence {Z m (t)}™ =0 follows from the strict positivity of the elements of C(t) + yl and (3.3) that has strictly positive elements for 0 < t < T. Hence the same is true for Z(t) and the proof is complete.
defined inductively by Z 0 (t) = I, Z m+l (t) = / + U[C(s) + yI]Z m (s)ds
Continuing with the proof of Lemma 3.1 we note that Z{T) = R~1Y(T)R and Y(T) have the same eigenvalues, namely a x and a 2 . Since the elements of Z(T) are strictly positive, it follows from the Perron-Frobenius theorem (see, for example [1] or [7] ) that Z(T) has a simple positive eigenvalue which is strictly greater than the modulus of the other eigenvalue and a corresponding eigenvector with strictly positive elements. Since, by Liouville's formula a x a 2 = det Z(T) = exp/ o r trace C(s) ds, a x > 0 and a 2 > 0 so we may assume 0 < a x < a 2 . To prove the lemma it is sufficient to prove that a 2 < 1-Let us note that from (2.2) and (2. 
(t) = Z(t)w. If 0(t) = col(0 1 (t),6 1 (t)), then by the sublemma 0 r (t) > and 6 2 (t) > 0 for 0 < / < T. Moreover, since 0'(t) = C(t)0(t), e 2 -(t) = e(t)u Q (t)8 l (t)-f(t)v 0 (t)e 2 (t).
Clearly,
and hence, by (3.4) ,
. Hence a 2 < 1 and by earlier remarks the lemma is proved. As shown in the previous section, if X(t) is the solution of the matrix differential equation (3.2) with A' (O) = / then the eigenvalues a x and a 2 of X(T) satisfy 0 < a k < 1, k = 1,2. This means that the characteristic multipliers of the linear variational system corresponding to col(« 0 (/), v o (t)) have moduli less than 1, so by the basic theory of differential equations the solution col(w 0 (0, v o (t)) of (1.1) is locally, asymptotically exponentially stable (see [3, p. 78-80, 321-322] ). We now investigate the region of attraction.
Proof of main theorem-first part
THEOREM 1. Under the assumptions that a(t),...,f(t) are positive and T-periodic and (2.2) and (2.3) hold, the system (1.1) has a unique T-periodic solution col(u 0 (0> v o (t)) with u o (t) > 0 and v Q (t) > 0 for all t. This solution is asymptotically stable. If col(u(r), v(t)) is any solution with
Let col(«(r), v(t)) be a solution of (1.1) such that 0 < u(0) < k x , 0 < v(0) < k 2 . Choose 8 > 0 such that 8 < H(0), 8 < v(0) , and (2.4) and (2.5) hold. Let col(«*(/), v+(t)) and col(u,(/), v*(t)) be as in the statement of Lemma 2.2. From Lemmas (2.1) and (2.2), it follows that for all / > 0 we have 
1). Moreover, U(t + T) = lim m _ M u. m (t + T) = lim m^00 K , I M + 1 ( / ) = u(t).
Similarly, v(t + T) = U(t)
for / > 0. It follows that u{t) and v{t) can be periodically extended to (-00, 00) so that CO1(M(/), v(t)) is a T-periodic solution of (1.1). From (4.4) and (4.5), we see that S < w(0) < k l and S < v(0) < k 2 . Therefore, since col(« 0 (0, «o(O) i s t n e unique T-periodic solution of (1.1) with
we see that u(t) = u o (t), v(t) = v o (t).
We 
We remove the restriction that («(0), o(0)) e S in the next section.
Global asymptotic stability
To complete the proof of the main theorem we use a result concerning the logistic equation
U'(t) = U(t)[A(t)-B(t)U(t)]
(5.1) 
-WJ(t) = -A(t)[W(t) -W 0 (t)]. Hence, W(t) -W 0 (t) = constant(exp -/"' A(s) ds) so W(t) -W 0 (t) -» 0 as t -> oo. This impUes that U(t) -U 0 (t) ->
0 as t -* oo and the lemma is proved. LEMMA 
// U 0 (t) is the unique positive T-periodic solution of U'{t) = U(t)[a(t) -b(t)U(t)] and V 0 (t) is the
The proof of the second inequality is similar. 2 , for all f, it follows that for / sufficiently large and positive u(t) < U{t) < k x and v(t) < V{t) < A: 2 . In particular, there exists an integer m > 1 such that (u(mT), v{mT)) e S. By earlier remarks, this complete the proof of Theorem 1.
Upper and lower bounds
In this section, through very elementary means, we establish upper and lower bounds for the components of the unique periodic solution of the system (1.1) under conditions (2.2) and (2.3). THEOREM 2. 7/col(u 0 (/), v Q (t)) is the unique positive periodic solution of system (1.1) whose existence was established in Theorem 1, then for t e (-oo, oo)
bf -ce ^o ( O < r / -c T - (6.5) We obtain the same two differential equations in the system (1.1) when we interchange u with v, a with d, b with / , and c with e. Therefore by (6.5), (6.6), and duality, we obtain~ The inequalities (6.1) and (6.2) follow from (6.5)-(6.8) and the theorem is proved.
Diffusion
Let £2 be a smooth bounded domain in R N . We consider the system of parabolic differential equations 
